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Abstract 
Abstract of thesis ent i t led Dissipation and Discontinuit ies: 
We study some blow-up theories for the Burgers-type equations in one dimension, 
w i t h different dissipative f lux functions, i.e. Ut + f {u)^ = uQ {ux)^ , z/ > 0. We 
consider bo th the cases tha t Q{ux) = Ux, which is in fact the wel l -known regu-
larized Burgers equation we; and that Q{ux) is a bounded funct ion, which is a 
convection-diffusion model equation. I n this thesis, we impose different kinds of 
in i t ia l data, and investigate whether the solutions have discontinuities; to study 
the asymptot ic behavior, and make comparisons for the theories in bo th cases. 
Submit ted by SUN Siu-wing for the degree of Master of Philosophy in Math-
ematics at the Chinese University of Hong Kong in June, 2002. 
ii 
要 旨 
本 論 文 旨 在 研 究 B u r g e r s - t y p e 方 程 於 加 上 不 同 的 
d i s s i p a t i v e f l u x 函數時（1.6. + P Q M x ‘ “ > 0) 
的 b l o w - u p 理 論 。 於 本 論 文 中 ， 我 們 主 要 討 論 兩 種 情 况 ， 
第 一 種 是 當 〜 ） = 的 情 况 ， 這 時 的 方 程 是 最 一 般 的 
r e g u l a r i z e d B u r g e i f ' s 方 程 ； 而 另 一 種 情 况 則 是 對 流 擴 散 
\ 
模 型 方 程 ， 即 當 0 ( … ） 為 有 界 函 數 的 時 候 。 對 於 這 些 方 
程 ， 我 們 加 入 不 同 的 初 值 ， 研 究 在 不 同 初 值 下 解 的 連 續 
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Consider the scalar Burgers-type equat ion 
(1.1) - u { x , t ) + —f{u{x,t)) = 0, u G M , 
w i t h imposed smooth in i t i a l d a t u m 
( 1 . 2 ) u { x , t = 0 ) = UQ{X). 
I t is wel l -known, see [14, 11, 16], tha t th is prob lem has no classical solut ion in 
general. So mathemat ic ians t r y to deal w i t h the weak solutions of equat ion (1.1), 
wh ich are realizable as the l im i ts of smal l viscosity solutions of some regular-
ized Burgers-type equations. Most often, they consider a s tandard regularized 
"viscous equat ion", 
(1.3) + / (u)工=€U工工, e > 0. 
I t seems to be reasonable. Since there is a classical theory showing tha t the 
existence of the classical solut ion of the "viscous equation" (1 .3)wi th the in i t ia l 
data (1.2), which is suff iciently smooth. 
1 
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However, physical ly measurable viscous approximat ions maybe more complicated. 
So, no t ing tha t th is "viscous equat ion" is not the best i n [15], Tadmor E. t reated 
more general "viscous equat ion" , 
(1.4) < + = K l , ^ > 0 , 
w i t h Q(s) a monotonic increasing funct ion, u''{x,t) converges to the entropy 
solut ion of (1.1), w i t h the in i t i a l data (1.2). Th is me thod however provides us 
w i t h a bet ter est imate on the L^-norm, for 2 < p < oo, in the rate of convergence. 
For details, please refer to [15 . 
I n th is thesis, we main ly s tudy the asymptot ic behavior of the "viscous equa-
t ion" (1.4) w i t h different kinds of dissipative f lux funct ions, Q{ux) . 
For the case tha t Q{ux) is a bounded and monotonic funct ion, see [10, 6], we 
w i l l show tha t the asymptot ic behavior more or less depends on the in i t i a l data. 
W h e n the imposed in i t ia l da tum, uq G C ^ , has an ampl i tude smal l enough, i.e. 
l i o l 《 1 , then the smooth solut ion exists. Bu t , i f the ampl i tude of the in i t ia l 
da tum is too large, the solut ion w i l l b low-up in some f in i te t ime, T. Besides, for 
the case tha t Q{ux) is a general bounded but non-monotonic funct ion, see [6, 9], 
there is s t i l l no theory to study the asymptot ic behavior. However, for the special 
case where Q{ux) = j f ^ , i t shown tha t the asymptot ic behavior is similar to the 
case where Q{ux) is a bounded and monotonic funct ion. 
I n chapter 2, we deal w i t h the Burgers-type equation w i thou t viscosity, i.e. Ut + 
f (u)工=0, and investigate the solut ion of the Cauchy problem. However, i t 
turns out tha t no mat ter how smooth the in i t ia l da tum is, the classical solut ion 
st i l l may not exist. I n chapter 3, we deal w i t h the equation w i t h a standard 
viscosity euxx, £ > 0, added to the r ight hand side of the equation, and so the 
equation changes to l i , + / {u)^ — eu^x- The same as before, we investigate its 
asymptot ic behaviour, to see whether the classical solut ion exists. Lucki ly, for 
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this equation, smooth solutions exist w i t h any smooth in i t ia l data; and so in 
chapter 3, we t r y to construct i t explicit ly. Moreover, w i t h this results, we are 
interested to see how is the relat ion of the dissipative f lux and the asymptot ic 
behavior. A n d therefore, in chapter 4 and chapter 5, we w i l l deal w i t h a recently 
proposed convection-diffusion model, by considering the fol lowing two equations, 
which are in the same type, but w i t h different dissipative fluxes. In chapter 4, 
we discuss the equation w i t h monotonic dissipative f lux: 
(1.5) ut + f ⑷ 工 = l y Q K ) ^ ， w h e r e Q ' K ) > 0, " 〉 0 . 
and in chapter 5，we discuss the equation w i t h a special non-monotonic dissipative 
f lux: 
l/Ux 
(1.6) ut + f (u)^ = Q K ) ^ , where Q K ) = " 〉 0 -
For bo th cases, we show that when the in i t ia l da tum is large enough, the solution 
w i l l blow-up. The proofs are given in section 4.1 and section 5.1 respectively, by 
showing that 
sup {Ux{x, t)} = CXD. 
nT 
On the other hand, in section 4.2 and section 5.2, we show that when the in i t ia l 
da tum is small enough, the behavior is tota l ly different, that is, when in i t ia l data 
are small, the unique classical solution exists. 
However, for the convection-diffusion model, the study of the asymptotic behavior 
is not complete; and many problems remain open. In chapter 5, we w i l l give a 
belief conclusion for this thesis and state some of the open problems; for example, 
consider a model w i t h periodic equation, the blow-up theory is st i l l not provided. 
A l though i t is already shown that this is true by the numerical approach, see [6 . 
I n fact, for the "viscous equation" (1.4), there are already many schemes and 
numerical results available to support our blow-up theories , see [6, 10，9, 2, 1, 3， 
5, 7, 8]. However, we wi l l not consider any of them in this thesis. Our aim in this 
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thesis is to investigate the asymptot ic behavior of the convection-dif fusion model 
f rom the theoret ical po int of view. 
Chapter 2 
Equation without viscosity 
Consider (1.1), the scalar Burgers-type equation w i thou t viscosity 
i.e. ut + f{u)工=0, ueR, 
w i t h an in i t i a l da tum (1.2), which is assumed to be smooth 
i.e. u{x,t = 0) = UO{x) e 
I t is wel l-known, see [14, 11, 16], tha t this problem has no classical solut ion. A n d 
the proof is also given in many books on conservation laws. Most of them simply 
complete the proof by dealing w i t h the special case tha t f{u) = However, i t 
is also t rue for the general case tha t w i t h a general convex funct ion, f { u ) ; and 
the proof is almost in the same manner as for the special case. 
Now, let's recall the proof in the case f{u) 二 专. 
Consider 
(2.1) Ut + uux = 0. 
Di f ferent iat ing (2.1) w i t h respect to x, then pu t t i ng p{x, t) = we obta in 
( 2 . 2 ) pt + + up 工 = 0 . 
5 
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The character ist ic curves of (2.1) are def ined by , 
宇 二 ⑷，力)， x(t = 0) 二 Xq. 
CLu 
P u t t i n g P{t) = p{x{t),t), (2.2) and (1.2) can be re -wr i t t en as the fo l lowing O D E : 
(2.3) 广⑴ + 剛 2 = 0; 
(2.4) = =pOz;，t = 0) = u'q[X). 
Solv ing (2.3) w i t h (2.4) gives 
(2.5) p ⑴ = 
Therefore, by observation, we know tha t i f there exists x eR such t h a t Uq{x) < 0, 
then as t ime t tends to -务,Ux(x,t) tends to - o o . 
"0 
i . e . , “ 工 , t ) = 尸 ⑷ = _ — - o o a s t ^ - l > 0 . 
T h a t means 
dxU ——> + 0 0 as t ——> ~—. 
So, i t shows tha t i f the in i t i a l d a t u m is not a monoton ic increasing funct ion, no 
mat te r how smooth i t is, the solut ion w i l l b low-up in some f in i te t ime. 
Th is me thod can also be used i n the proof of the case of general convex funct ion, 
f { u ) . Now, we use the same method to deal w i t h the p rob lem w i t h a convex 
func t ion f ( u ) , i.e. f " [ u ) > 0. Let 's consider the more general case by considering 
(1.1) and (1.2), and prove tha t the solut ion w i l l b low-up in some f in i te t ime. 
Simi lar t o the proof for the special case above, f i rst d i f ferent ia t ing (1.1) w i t h 
respect t o x, and pu t t i ng p(x, t) = Ux{x^ t ) , one obtains 
(2.6) Pt + n u ) p , + p ^ f \ u ) = 0. 
P u t t i n g 尸⑴= p O ( t )， t ) ’ then (1.1) gives 
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(2.7) p\t) + [ P { t ) ] ' r { u ) = 0， 
which is again an O D E problem, and w i t h the in i t ia l value given as (2.4). 
Solving (2.7) and (2.4), we obtain 
(2.8) 彻 = 1 + J W 
Since f"{u) > 0, one may follow similar arguments as before, to show that 
I 氏 a s 
So we have, i t completes the proof for the blow-up theory of the general Burgers-
type equation wi thout viscosity. 
To end this chapter, let's consider the fol lowing example to i l lustrate our result. 
E X A M P L E Consider (2.1) w i t h the in i t ia l data 




Then (2.1) gives 
dx ^ 
Ut + —^ a； 二 0. 
at 
This implies 
^ = u = constant. 
dt 
along the characteristic line. 
However, the slope of the characteristic line at the in i t ia l point xq is equal to x^ 
and the slope at another in i t ia l point Xi is equal to suppose xq < Xi < 0, so 
Xq > x\. Therefore, the two characteristic lines wi l l intersect w i t h each other. 
That means at this intersection, the two given in i t ia l values give two different 
values of solution. And hence i t causes the formation of singularity. 
Chapter 3 
Equation with standard viscosity 
I n th is chapter, we consider (1.3), the scalar Burgers-type equat ion w i t h a stan-
dard viscous term; we also impose the in i t ia l data (1.2), wh ich are also assumed 
to be smooth, 
Ut + f (u)工=e^xx, £ 〉 0 , 
i.e. 
u{x,t = 0) = uo{x) G 
\ 
We want to study the asymptot ic behavior by prov ing tha t the classical solut ion 
exists. 
2 
3.1 Particular convective flux, f { x ) = y 
I n this section, we fol low the proof in Evans' book, see [4] and see also [12 . 
For simplici ty, take £ = 1 in (1.3), and consider the equation, 
(3.1) Ut + uu 工=Uxx-
I n the f irst step, we apply the Hopf-Cole t ransformat ion, see appendix A , to (3.1) 
as follows. 
8 
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Fi rs t in tegra t ing (3.1) w i t h respect to x and p u t t i n g 
(3.2) w{x,t) = j u{y,t)dy, 
J —OO 
(3.3) h{x) = w;O，t = 0) = f UO{y)dy; 
J —OO 
we ob ta in 
(3.4) wt — it^xx + = 0, 
together w i t h the i n i t i a l d a t u m 
(3.5) w{x,t = 0) 二 h{x). 
B y le t t i ng 
(3.6) v{x,t) = e-H幼， 
(3.4) and (3.5) become 
(3.7) vt - v：,^  = 0’ 
(3.8) v{x,t = 0) 二 e — ⑷ . 
T h e n solving (3.7) w i t h (3.8) gives 
(3.9) v{x,t) = J^e 4t 2 dy. 
using the re lat ion (3.2), (3.6) and (3.9) gives 
x - y 
/ e 4t 2 dy 
(3.10) u{x,t) = J ——. 
/ (x-^)^ h(y) 
/ e 4t 2 dy 
J —OO 
which is an exact solut ion of the problem (3.1) and (3.2). 
Since we can f i nd out the exact solut ion of the prob lem (3.1) w i t h any smooth 
in i t i a l da ta expl ic i t ly , so we conclude tha t the Burger 's equat ion w i t h the viscous 
t e rm eu^x has a classical solut ion w i t h any given smooth i n i t i a l data. 
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3.2 Convex convective flux 
I n the previous section, i t was proved that for a part icular convective f lux, f{u)= 
2 
y , the classical solut ion exists for any smooth in i t ia l data. I n th is section, we 
want to ask whether there is similar behavior for the case w i t h a general convex 
convective f lux instead. I t is found that the solut ion also exists. However, the 
proof is qui te different. We cannot compute the solut ion expl ic i t ly by apply ing 
the Hopf-Cole t ransformat ion to t ransform the equation in to heat equation. Since 
no mat ter how we t ransform the equation, i t can never change into the form of a 
quasi-linear equation. However, refering to [16, 14, 13], i t is known tha t al though 
we cannot compute the smooth solut ion explicity, i t is s t i l l t rue tha t i t exists. Bu t 
the proof of this behavior w i l l not be included in th is thesis. Interested readers 
are refered to [13 . 
Chapter 4 
Equation with monotonic 
dissipative flux 
I n th is chapter, we consider a new problem (1.5) and (1.2). However, we fur ther 
assume tha t the in i t i a l d a t u m is smooth, 
( 
. ut + f (u)工=lyQ 0丄， ly > 0 
i.e. < 
u(x,t = 0) = uo{x) e eg. 
\ 
which is a recently proposed convection-diffusion model, see [6, 10] • Throughout 
th is chapter, we fur ther assume that : 
(1) the dissipative f lux, Q{ux)^ is a bounded and monotonic funct ion, 
i.e. Q'{ux) > 0 and \Q {ux)\ < constant; 
(2) the convective f lux, f [ u ) , is a convex funct ion, 
i.e. f ' ( u ) > 0. 
Under these assumptions, we show tha t the classical solut ion exists when the 
in i t i a l da tum is small. On the other hand, the solut ion w i l l b low-up in f in i te t ime 
11 
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when the in i t ia l da tum is large. 
For simplici ty, also assume u = I . A n d so, we w i l l consider the fol lowing equation 
throughout this chapter instead of (1.5): 
(4.1) ut + f {u)^ = Q 丄 ， Q ' ( u , ) > 0. 
Now let's consider the case w i t h large in i t ia l data f irst. 
4.1 Large initial data 
Before we state the main theorem of this section, let's state our assumptions 
dear ly as follows: 
The f lux functions are assumed to satisfy the fol lowing conditions, 
(i) f{u) and Q{s) arc smooth, 
i.e. f(u) G C^, Q(s) e 
(i i) f ( i i ) is symmetric, but Q(s) is skew symmetric, 
i . e . / ( - u ) 二 /⑷，Q(-s) = -Q⑷； 
( i i i ) f ( u ) and Q(s) arc both str ict ly monotone, 
i.e. f ( u ) > 0 Vu > 0, Q'(5) > 0 V5； 
( iv) / ( u ) is unbounded, but Q(s) is bounded, 
i.e. f(u)——V +00 as u ——‘+OC, Q(s)——> Q^o < +oo as s ——‘+oo. 
For the initial data, \vc assume that 
(a) iiQ is smooth; 
(b) uq is skew symmetric; 
(c) u < iiQ < 0. V : > 0 where u is a "large" negative constant: 
(d) uo < V.r > 0 where ^(.r) is a smooth profile choscn to control the 
initial data uq to be "large". 
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Under the above assumptions, there is a m a i n theorem showing t h a t the so lu t ion 
of (1.5), (1.2) w i l l b low-up i n some f in i te t ime, see [6 • 
T H E O R E M 4 . 1 Consider the initial value problem (1.5), (1.2) with all the hy-
potheses (i)-(iv) and (a)-(d) be satisfied. If it is further given that there exists 
a constant u* < 0 such that f{u*) > 2Qoo and if (p{x) is a smooth function 
satisfying (p(R) = u* for some R> 0, and 
(4.2) Q — f < 0 , V a : > 0. 
Then there exists a finite T > 0 such that 
(4.3) sup \ux{x, t)\——^+00, as t ^ T. 
X 
Before t u r n i n g to the proof of theorem 4.1, let 's state and prove some useful 
lemmas f i rst . 
L E M M A 4 . 2 Suppose that the fluxes f{u) and Q(s) satisfy the hypotheses (i)-
(iv). Then for any u < 0； there exists a constant m > 1 (possibly large), such 
that the boundary value problem 
(4.4) 观 二 m 糊 工 ， 
(4.5) (p{x)——、士权 as X ——> ±oo; 
has a solution. 
Moreover, for all x > we have ^"{x) > 0. 
Proof Note tha t due to the symmet ry of the boundary value prob lem (4.4)， 
(4.5), ( f { x ) is a skew symmetr ic funct ion; and so, the prob lem is equivalent to the 
fo l lowing problem: 
(4.6) / M , = mQ ‘ 0 < X < +00 , 
(4.7) (^(0) = 0, ( f i x > +00 ) = u. 
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Therefore, we consider the proof of the theorem by deal ing w i t h the prob lem (4.6), 
(4.7) instead of (4.4), (4.5). 
Consider (4.6). In tegra t ing b o t h sides w i t h respect to x i n the domain [x, +oo ) , 
we obta in 
(4.8) Q ( … = 彻 ) — 爛 
\ , m 
Since Q{s) is a monotonic funct ion, t ha t implies exists; so in tegrat ing (4.8) 
w i t h respect to x again i n the domain [0, x] gives 
, 、 f 咖 du 
(4-9) Jo Q - i ( / M ) = “ 
Choosing m suff ic ient ly large, so tha t ⑷二⑷ lies i n the domain of for al l 
u e [iZ,0]. Then i t implies tha t the prof i le (p{x) exists. Therefore, one obtains a 
prof i le ip{x) tha t satisfies (4.9), tha t w i l l be the solut ion of (4.6)，(4.7), and so is 
the solut ion of (4.4), (4.5). 
Now, we t u r n to the proof of the remaining par t of the lemma. I t is clear tha t 
Q-i (八")：爛）< 0 , 叫 M ] . 
Therefore, (4.9) implies tha t (p{x) < 0 for al l x > 0. A n d by tak ing the derivative 
of (4.9) w i t h respect to x, we also have (p'(x) < 0. 
Thus, (p(x) is a monotonic decreasing funct ion smaller t han zero. A n d so 
观 = / W W � o . 
This, together w i t h (4.6) and the property tha t Q乂s) > 0 implies i f " > 0. • 
L E M M A 4 . 3 Suppose that the hypotheses (b)-(d) and the inequality (4-2) holds. 
Then the solution of the problem (1.5), (1.2) is bounded as follows: 
(4.10) u < u{x,t) < 0, Vx > 0, t < T; 
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and 
(4.11) u{R,t) <u\ W < T . 
Proof Note tha t we w i l l deal w i t h (4.1) instead of (1.5). Suppose u{x,t) is a 
solut ion of the problem (4.1), (1.2) for x > 0. 
Ut + f = Q K)^ 
i.e. < 
u{x,t = 0) = uo{x) e C^. 
\ 
Let v{x,t) = —u(-x,t). So by the hypotheses ( i ) - ( i v ) , we have 
z 




vt{x,t) + f{v{x,t))^ = -Ut{-x,t) - f { u { - x , t ) ) ^ 
Therefore, v{x,t) = —u(—x,t) is also a solut ion of (4.1), (1.2). B y the uniqueness 
theorem of (4.1), we have 
u{x, t) =- —u(—x, t). 
Sett ing X = 0, we obtain 
• t ) 三 0. 
A n d hence, by the consequence of the comparison principle for the scalar parabolic 
equation and the hypothesis (c) 
u < Uo{x) < 0， 
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one gets tha t 
u < u{x,t) < 0, Va: > 0, t<T; 
and so the proof of (4.10) is completed. 
Similar ly, our hypothesis (d) implies tha t 
max uix.t) < max(p(a:). 
x>0, T>t>0 " 乂 - a;〉0 7 
So, the inequal i ty (4.2) implies 
u{x,t) < Vt < T , 
and hence, 
u ( f i , t ) < ip{R) = w * , V t < T , 
and the proof of (4.11) is completed. • 
Proof (Theorem 4.1) By the left inequal i ty of (4.10), and tak ing the integrat ion 
w i t h respect to x over the domain (0, R), we obtain 
fR fR 
(4.12) / u{x,t)dx > / udx = Ru. 
Jo Jo 
On the other hand, by f irst integrat ing (4.1) w i t h respect to x over the domain 
(0, R), we obtain 
d rR 
—/ t)dx 
(4.13) 也 九 
= f H R , t ) ) + f{u{0,t)) + Q{u,{R,t)) - O K ( 0 , t ) ) . 
Now, we t r y to estimate the bounds for the terms in the r ight hand side of (4.13), 
in order to provide a contradict ion to (4.12). 
By the hypothesis ( iv), 
丨Q| S Qoo-
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A n d hence, by the t r iangle inequal i ty, 
| Q K ( i ? , t ) ) - Q K ( 0 , t ) ) | < \QMR,t))\ + \Q{u,{0,t))\ < 2Qoo. 
Also, due to the assumpt ion t ha t u(fi,t) = 0，and the hypotheses on f ( u } , we 
ob ta in 
f(u(o,t)) 二 m = 0. 
Final ly , consider the bound for f{u{R, t)). B y using the inequal i ty (4.11), and 
the hypotheses on f { u ) , we have 
m R , t ) ) > f ( i n , 
and so, by our assumptions, we have 
f(u(R,t)) > 2Qoo + a, 
for some a > 0. 
Hence, combin ing al l these estimates w i t h (4.13), we obta in 
d fR 




However, th is bound contradict w i t h our inequal i ty (4.12) tha t 
PR RR 
/ u{x,t)dx > Ru and / UO{x)dx < 0. 
Jo Jo 
Therefore, i t completes our proof of theorem 4.1 tha t the solut ion w i l l b low-up 
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To finish the case w i t h large in i t ia l data, we state further the last proposit ion 
below: 
PROPOSITION 4 . 4 Suppose that the hypotheses (i)-(iv) hold. Then for any 
u* < 0； there is a hounded skew symmetric function (p{x) satisfying the inequal-
ity (4-2) and that (p{R) = u* for some R> 0. 
Proof By our previous result of lemma 4.2, we may take the profi le (p{x) that 
satisfies (4.6). Then for such a profile, we have 
糊 厂 观 = ( 1 - m ) Q V V , . 
Since m > 1, > 0 and (p,, > 0, therefore 
Q ( 八 - f (礼 < 0. 
Take u = u* — such that Lp{x)——、u as x ——、+oo; w i t h also that ^9(0) = 0， 
and by the cont inuity of we have 
i f i j l ) = u* for some R> 0. 
The proof is then completed. • 
Remark I n this thesis, we deal only w i t h the in i t ia l value problem wi thout 
boundary. However, i t is found that this blow-up result also holds for the cor-
responding Dir ichlet problem in a f inite interval —L < x < L. A n d the proof is 
similar to the case we studied here. For reference, readers may refer to the proof 
in 丨6] and appendix B. 
Note that theorem 4.1 and proposit ion 4.4 together w i t h the hypothesis (d) give 
the main result of this section that there is a large class of smooth bounded in i t ia l 
data leads to blow-up of the gradients in a f inite t ime. 
Un t i l now, we have been dealing w i th the problem w i th any large in i t ia l data. 
I n the next section, we st i l l investigate the same set of problem, that means also 
CHAPTER 5. EQUATION WITH NON-MONOTONIC DISSIPATIVE FLUX 19 
dealing w i t h the problem (1.5), (1.2); however we impose a small in i t ia l data 
instead of the large one, and study its blow-up behavior. 
4.2 Small initial data 
After the discussion of the problem w i t h large in i t ia l data, we t u r n to the problem 
w i t h small in i t ia l data in this section instead. Here we further assume that i t is 
periodic or compactly supported, see [10]. I n the previous section, we show that 
i f the problem (1.5) w i t h the fluxes satisfing hypotheses ( i ) - ( i v ) , also w i t h the 
in i t ia l data satisfing hypotheses (a)- (d) , the solution w i l l blow-up in some f inite 
t ime. On the other hand, we also want to study the case when the in i t ia l data 
have small ampl i tude instead. So, in this section, we investigate the asymptotic 
behavior of i ts solution; however, i t is found that the behavior is to ta l ly different 
to that w i t h large in i t ia l data we studied in the previous section. 
I t is found that w i t h the small in i t ia l data imposed, the classical solution exists, 
and this result can be summarized in the following theorem: 
T H E O R E M 4 . 5 Consider the problem (1.5), (1.2) with the dissipative flux func-
tion Q{s) satisfy the following conditions: 
(A) IQ⑷I < Ooo； 
(B) Q'{s) > 0 V5； 
(C) Q\s) ^ ^ 0 as s 、±oo. 
Suppose the range of Q{s) be denoted 6?/ Q : R —> [a, h], where a < 0 and b > 0. 
If further that uq G C^, and if it is sufficiently small that 
(4.14) ^ I IQK(-) ) I I loo+2| | / ( IAO(-) ) I I loo < CV < a，6). 
Then, there exists a unique global classical solution of (1.5), that is in t). 
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Remark The space t ) is defined as 
u{x,t) G ^ uec''{x)nc\t). 
Before tu rn ing to the proof of theorem 4.5，we state here a lemma. However, in 
this section, what we concern is the theorem 4.5, so the proof of the fol lowing 
lemma is omi t ted here. Readers may refer to [10] to f ind out the details of this 
lemma. 
L E M M A 4 . 6 Consider the "viscous equation" 
(4.15) 4 + = " Q K L + - L ， ^ > 0 , ‘ 
subject to W^{L^)-initial data. 
Assume also that the conditions (A), (B) and (C) of theorem 4-5 hold. 
Then there exists a sequence such that 丄 0 and u、converges in the 
Li -norm as n — oo. 
Remark W'^ is defined as 
u G W \ L \ x , t ) ) u工,ut G 
Remark Lemma 4.6 can be modif ied by replacing L⑴ instead of W^(L^) for 
the in i t ia l data, and the result st i l l holds. 
Now, w i th the use of the lemma 4.6, we tu rn to the proof of the main theorem of 
this section. 
Proof (Theorem 4-5) For simplicity, assume that Q^o = 1； and first consider 
the uniqueness of the solution. 
(Uniqueness) Suppose that the classical solution of (1.5) exists. 
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Let and be two classical solutions of (1.5). So, 
(4.16) = lyQ K ) ^ , 以 i O r , 0 ) = uo{x); 
(4.17) + = " Q K L , U'(X,0) = uo(x). 
Subtract ing (4.17) f rom (4.16), we obta in 
(4.18) = ( ‘ 樣 ， 
(4.19) u\x,0) -u^(x,0)三 0. 
where ^ lies between u l and u l . 
M u l t i p l y i n g (4.18) by sgn{u^ — u^) and integrat ing over x -domain give 
J X J X 
= ( 以 1 - 以 2 ) 丄 — ( “ 1 — 以 2 ) . 
J X 
I t follows tha t 
= ^ K - - - [ f { u ' ) - f{u')\^sgn{v} - u')} 
= h + h-
By the assumptions that u > 0 and > 0，we have 
h •.= [ < 0， 
J X 
and by the assumption that f { v } ) = 0 and = 0 at x = ±00 , we have 
h : = - [ [ 躺 - 躺 L — ( 以 1 — 力 = 0 . 
J X 
Therefore, we obta in 
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which implies 
I 以 l ( . , t ) - 以 训丄 1 < | |V(.，o) -u2(.，o) | | … v t > 0 . 
However, by the in i t ia l condit ion (4.19), i t implies 
= 0. 
A n d hence, the proof of the uniqueness is then completed. 
(Existence) Consider the regularized viscosity in i t ia l value problem (4.15) w i t h 
in i t ia l data: 
(4.20) U\X,T = ^) = UQ{X). 
Obviously, (4.15) is parabolic, and so applying the max imum principle gives 
xA工，明 < II以0(.)IILOC， Vt>0 . 
Consider for small (^'s, put 
(4.21) ^ ：= ^Q { < ) + 5 u i - f ( u ” , 
and take the derivatives of x and t respectively, we obtain 
(4.22) 2：, = uf , 
(4.23) zt = lyQ'(以f) + Sz,：^  - f (u^) 2：工. 
Since (4.23) is a parabolic equation in 之，we can apply the max imum principle to 
get 
"Q t)) + Suiix, t) - f t)) 
(4.24) 
< \WQK(-)) + H ( - ) - /(^ O(-))IIL°C， v t > o . 
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On the other hand, for given tha t a < v • m i n ( - a , b), there exists a /3 such that 
a < (3 < jy ' min(—a, 6), and hence 
(4.25) Of + 5 < < ^ • m i n ( - a , b) for suff ic ient ly small 6. 
I t follows f rom (4.24) that for all t > 0, 
jyQ {ui{x,t))+6ui{x,t)\ < \\uQK(-))IIloc + ik(-)ILOC + I/K(-)ILOO +1/(o 
< \WQK(-))IILOO + IIK(-)IILOO + 2 
< P-
By this inequality, we have 
So the monotonici ty of Q implies that 
\ui{x,t)\ < Q - ' ( ^ ) . 
J 
and obviously, Q-i ( ^ ) is a constant independent of S. A n d hence, we obtain the 
estimate on u^ . 
Now, we tu rn to the estimates on uf and u^^ . 
Dif ferentiat ing the "viscous equation" (4.15) w i t h respect to t, and put 
we obtain 
Wt + f { u ' ) w , + f" (u” uiw = uQ' {4) w工工 + jyQ" w乂工工 + 
which is a parabolic equation. So, applying the max imum principle, and using 
the bound on f" (u^) u^, we obtain 
ut{x,t)\ < C (T, \\UO{-)\\l^ , , \\uti-, 0)11^^), 
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which is a constant depending only on T, ||no(-)|lL°°' and 
Moreover, i t follows f rom the "viscous equation" (4.15) tha t 
ut{x,0) = K ( r r ) ) + K W " f u'OI^). 
Due to the smoothness of the in i t ia l data, is bounded, and so is 
Final ly, we estimate \ u l ^ { x , t ) \ . First , i t is obvious that Q' is bounded away 
f rom zero, i.e. Q' (i^) > K > 0, where K is a constant independent of S. 
I t follows f rom (4.15) again that 
, 4 + f ( u X 
(4.26) < 」 ~ ^ ； “ ， 
which implies a uni form bound o n 《工 . 
Summarizing our results above, we obtain some bounds on | i4 | , and 
u ^ J . W i t h the uni form bounds on and and apply the lemma 4.6, 
one have the L^-convergence of u、, and so have a point wise convergence of 
I n addit ion, there exists a subsequence that converges to u uniformly, let's denote 
i t as u、. A n d w i t h the above results, we st i l l need to prove Uxx ^ in 
order to conclude that u{x,t) G 
Since Ux is bounded uniformly, assume the measure of the x-domain is f inite, then 
where C is a constant. So, we conclude that Ux E L'^(x). 
Similarly, Uxx ^ 1 j \ x ) . A n d so have the L^-bounds on Ux and Uxx-
I n order to prove u^x ^ differentiating the "viscous equation" (4.15) 
three times w i t h respect to x, mul t ip ly ing both sides by u^ x^x^  and integrating the 
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result ing equation over the x-domain, we obtain after using the three un i form 
bounds on and |i4a;| tha t 
4 IKxaJlL < hLx\\l2 + K2-2S IK篇 — 
(4.27) dt 
2 / K ) ( ^ L x J + 22 / (4) 乂 J ， 
J X J X 
where KI and K2 are constants depending only on the in i t ia l data UQ{X) and t ime 
T. Here, for simplicity, we also assume v = 1. 
Consider the last te rm of the r ight hand side of (4.27), we have 
I ••= 22JJQ" {4) u i u i ^ u i j < 2 2 | | q " K K』， 1 (去‘• ( e � L J , 
- where e is an arbi t rary non-zero number. 
By the Cauchy-Schwartz inequality, and set K3 : = ^Q" (?4) we obtain 
/ < 22K,丢(去义 + 
: 1 1 ^ 3 ( g I I^Lx l L2 + 3 ^xxxx • 
Then, tak ing e small such that Kae^ < K, we obtain f rom (4.27) that 
< K, 1I1.LJI2 + K2-26ll^/LxllI^ K ) + 
去 11(11:2 + I以LJI2 
< + 条 ) I h L x l l I ^ +K2- {2S + 2K- 2K) 
where IQ : = Ki + ^ i ^ s , which is a constant not depending on S. So, i t yields 
a uni formly boundedness of ||^ 4:e:e(.，,）||丄2; and hence the desired 
boundedness of Uxx- Therefore, by the Sobolev embedding, and the 
boundedness of Uxx, we deduce the C^'^ {x, t)-boundedness of u. 
i.e. Wxx e W\L'^{x)) 
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I n order to complete the proof, i t remains to show the existence of the weak 
solution. 
Mu l t i p l y the "viscous equation" (4.15) w i t h a smooth test funct ion, <p{x,t) G 
and then take the integrat ion w i t h respect to bo th the space and t ime 
domains, to obtain 
「 [ [^ut- + ^f (u〜)ut] = 「 [ [ly^Q' (4-) nil + • 
Jo Jx Jq Jx 
Using integrat ion by parts implies 
(4.28) r [ iftu'- + [ [ if J {u'-) = u [ [ if.Q [ [ 以‘ 
Jo Jx Jo Jx Jo Jx Jq Jx 
Then taking 知丄 0 and using the uni form convergence of u � t o u, we have 
「 [ + ^J {u'-) W 「 [ ^tU^^Jiu), 
Jo Jx Jo Jx 
and 
rjp 
Sn [ [ 仏 工 U ' n ^ 0. 
Jo Jx 
However, i t remains to f ind out the l imi t of J ^ f ^ ip^Q (u^^). To this end, we need 
two more estimates, one is the L°°-boundedness of u .^^  which is already proved 
above, and the other is the estimate of 
For the estimate of we differentiate (4.15) w i t h respect to both space and 
t ime variables, and then mul t ip ly both sides by sgn {u^.^, and integrate over the 
x-domain to obtain 
(4.29) 啦 人 
= “ / sgn {4,) Q {ui)^^^ + / sgn 
J X J X 
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The second te rm of the left hand side of (4.29) can be treated as 
I f (…-sgn { u l ) = L [ r {<)' ut + f " ( … ( u t + f" u f n f j sgn ( 4 ) 
+ l y <,)^sgn {ui,) 
= [ \ r {<)' ut + r {u^) ulut + f" 4 4 ] sgn K,) • 
Jx L 
Therefore, due to the L⑴-boundedness u^, u l and we have the fol lowing 
estimate: 
[ f (A过 sgn ⑷ < [ r ⑷ HTut + / " ⑷ vLul + / \ f " 
Jx Jx Jx 
< C1 + C2 f K | 
Jx 
where C i and C2 are constant depending only on the in i t ia l data Uo{x) and the 
f inal t ime T. 
Besides, obviously, the second term of the r ight hand side of (4.29), S f^ sgn (uj^) 
is non-positive. 
Finally, consider the first term of the left hand side of (4.29), 
" / q ( 化 — K t ) 
Jx J X 
=^ I {Q' K ) uLt),sgn Kt), 
which is also non-positive. 
Hence, put t ing these bounds into (4.29), we obtain 
||K“.’0)Li < ^ I {Q' {<) uU^ sgn KJ - ^ / .^n (nfj 
< - [ 納 - — ⑷ 
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Then, by the Gronwal l inequality, we obtain 
|^ 4(.，力)ILi ^ CONSTT, 
where constT is a constant depending only on II'^C)(')IIL°°' 
hL(.，0)||j^oo, T and the measure of the a:-domain, which is also f inite. 
I n addit ion, as the in i t ia l data Uq is in is bounded; which follows 
by tak ing the derivative of the "viscous equation" (4.15) w i t h respect to x to get 
vL = ^Q" K ) + (4) uL + 如L - r ⑷ 一 f (…uL 
Therefore, w i t h (4.26), i t deduce that < G and so, < is compactly 
imbedded in Tha t means there exists a subsequence of u 、 s u c h that 
——、〜in A n d hence 
^ r [Q {ut) r [ QM^.. 
Jo Jx Jq Jx 
Combining our results w i t h (4.28), as Sn I 0, we have that 
n i ' P t U + ^xf{u)] = ( f [iy(PxQ{Ux) — Sip工a^u 
_ Jo Jx 
holds. Tha t means, for all test funct ion (p(oc,t), the l im i t funct ion u{x,t) satisfies 
the equation in the integral sense, and so we obtain the weak solution. There-
fore, w i t h our perivous results that u{x, t) E t ) , the classical solution 
exists. A n d hence, we conclude that when the in i t ia l data is sufficiently small, 
the classical solution exists for the problem (1.5) w i t h a monotonic increasing 
function, Q{s). 口 
4.3 Unbounded dissipative flux 
I n the previous sections of this chapter, we simply deal w i t h a bounded monotonic 
dissipative flux. Also we found that for the problem (1.5), (1.2), the asymptotic 
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behavior of solut ion depends main ly on the in i t ia l data; i t w i l l blow-up i f the 
in i t ia l data has large ampli tude, and the classical solut ion exists i f the in i t ia l 
data has small ampli tude. However, there is one more impor tant property that 
we are based on, that is the boundedness of Q{s). A n d i t is found that the 
boundedness is necessary for the blow-up behavior we obta in in the previous two 
sections. 
I n this section, we concentrate on the case w i t h unbounded monotonic dissipative 
f lux, and investigate its asymptotic behavior. However this is an easy case, see [6 . 
Thus, we state a theorem showing that the classical solut ion st i l l exists for quite 
general in i t ia l data. 
T H E O R E M 4 . 7 (A Priori Estimate of u^) Consider the equation (1.5), 
with Q{ux) is a monotonic function that Q{s)——> ±oo as s —^ ±oo. Then 
Ux(x,t) is uniformly bounded for all t > 0. 
Proof For simplicity, consider (4.1) instead of (1.5). 
Let U[x,t) be the pr imi t ive of u(x, t), 
i.e. U{x,t) = / u{y,t)dy. 
Jo 
Then integrate (4.1) w i t h respect to x in the domain (0, x) to get 
(4.30) + 肌 ） = 肌 么 
and then take the derivative of t to obtain 
(4.31) Utt + f{U^)U,t = Q 肌 具 t. 
Due to the posi t iv i ty of Q'{s), we observe that (4.31) is a parabolic equation of 
Ut. Then apply the maximum principle, and provides a uni form bound on Ut. 
Similarly, one can show that u is bounded. And hence, due to the continuity of 
f(u), i t also implies the bounds on f{u). 
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O n the other hand, w i t h the fact tha t f{u) = so f{u) bounded implies 
f { U x ) is bounded. A n d therefore apply to (4.30), implies QiU^x) is also bounded. 
i.e. | Q ( C 4 』 = | Q K ) | < C, 
where C is a constant. So, by the monotonic i ty and the boundedness of Q, we 
have Ux{x , t ) is un i fo rmly bounded. A n d hence the proof is then completed. • 
To f in ish th is chapter, let's summarize what we have obtained. I n th is chapter, 
we have shown tha t for the Burgers-type equation Ut + f {u)^ = uQ {u^)^ , " 〉 0 , 
w i t h a monotonic dissipative f lux, Q{ux) ; the s ingular i ty of solut ion depends on 
bo th the boundedness of Q{ux) and the in i t ia l data: 
• i f Q{ux) is unbounded, the classical solut ion exists; 
• i f Q{ux) is bounded, there are two cases: 
—fo r smooth in i t ia l data w i t h small ampl i tude, the classical solut ion 
exists; 
—fo r smooth in i t ia l data w i t h large ampl i tude, the solut ion w i l l blow-up 
in some f in i te t ime. 
Chapter 5 
I 
Equation with non-monotonic 
dissipative flux 
I n the previous chapter, we already discuss the Burgers-type equat ion w i t h bounded 
and monotonic dissipative f lux. I t is found tha t the classical so lut ion exists i f the 
imposed smooth in i t i a l data are suff ic ient ly small; and i f the smooth in i t i a l data 
are large enough, the solut ion w i l l b low-up in some f in i te t ime. Now, i n th is 
chapter, we t u r n to the case w i t h the similar type of equation, however w i t h a 
non-monotonic dissipative f lux instead. Unfor tunate ly , i t is hard to deal w i t h 
the case of general non-monotonic dissipative f lux. Therefore, in th is chapter, we 
concentrate on the case w i t h a special dissipative f lux, Q{ux) = T h a t is, in 
this chapter, we study the problem (1.6) w i t h equation of the fo rm 
� + / « = Q Mx ‘ <3K) = 1 二 ， " � 0 -
丄十以a: 
I n th is case, i t w i l l be shown tha t the asymptot ic behavior of solutions is similar 
to tha t for the problem we discussed in chapter 4, i n the sense tha t i f we impose 
a smooth in i t i a l da tum to the problem. The blow-up behavior w i l l depend on the 
ampl i tude of the in i t i a l da tum such tha t i f the in i t ia l data is smal l enough, the 
31 
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classical so lu t ion exists; b u t i f the i n i t i a l amp l i tude is large enough, the so lut ion 
w i l l b low-up i n some f in i te t ime, T, see [6, 9 . 
Here, let 's also impose i n i t i a l da ta as in (1.2), 
i.e. u{x,t = 0) = Uo { x ) G 
Our ma in assumptions are: 
( I ) f{u) is smooth, 
i.e. f e 
( I I ) f{u) is symmetr ic , 
i.e. / ( — u ) = f { u ) , \Ju] 
( I I I ) f{u) is s t r i c t l y monotone for al l u 〉 0， 
i.e. f'{u)〉0, Vu > 0; 
( IV ) f(u) is unbounded, 
i.e. f{u)——、+00, as u — ^ +oo. 
Besides, we also impose the condit ions (a ) - (d ) in chapter 4 for the in i t i a l data. 
F i rs t , let 's consider the case w i t h the large in i t i a l data; however, since i t is quite 
simi lar to the prob lem w i t h a monotonic dissipative f lux funct ion, we shall fol low 
the steps in chapter 4，and omi t those ident ical steps. 
5.1 Large initial data 
Let 's consider the problem (1.6), (1.2); w i t h large in i t ia l data. I t is found tha t 
the solut ion w i l l b low-up in some f in i te t ime, see [6], and the fol lowing theorem 
describes clearly this effect: 
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T H E O R E M 5 . 1 Consider the initial value problem (1.6), (1.2) with all the hy-
potheses (I)-(IV) and (a)-(d) be satisfied. If it is further given that there exists 
a constant u* < 0 such that f{u*) > v and if ^{x) is a smooth function satisfying 
(p{R) = u* for some R> 0 and 
(5.1) 糊 厂 观 <0，*〉0. 
Then there exists a finite T > 0 such that 
sup \ux{x,t)\——^ +00 as t ] T. 
X 
Before tu rn ing to the proof of theorem 5.1, let's state and prove some useful lemma 
first. However, these lemmas are quite similar to those lemmas correspond to the 
theorem 4.1 for the case w i t h monotonic dissipative f lux. 
L E M M A 5 . 2 Suppose that the flux function f{u) satisfies the hypotheses (I)-
(IV). Then for any u < 0, there exists a constant m > I (possibly large), such 
that the boundary value problem: 
(5.2) / ⑷ 工 = r u Q ( 八 , 0 < X < +00, 
(5.3) = 0, ip{x ^ ^ +oo) - u, 
has a solution. 
Moreover, for all x〉0，we have 
(5.4) ip"{x) > 0 and - 1 < ip'{x) < 0. 
Proof I t is obviously that Q{s) is a non-invertible function; however, due to 
its property of monotonicity, consider s e [—1,1], its inverse exists, i.e. 
exists and can be defined as: 
Q-i 二 ^ , ^ 2 
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B y tak ing the der ivat ive of w i t h respect to z、we ob ta in 
1 卜L v ^ \ 
2 么 之 2 〜 
— ^ ( "2 - "2 \ 
— 2 
= 0 . 
Therefore, increase monotonously. W i t h th is property, solving (5.2), (5.3) 
as i n the proof of lemma 4.2，we obta in 
_ 产) du 
工 = J o Q - l ( / � : / � ) . 
Note tha t the integral of (5.5) is defined for suff ic ient ly large m t ha t 
fju) - f{u) V < 
m 2 
A n d hence, for a suitable p^ such tha t (5.5) holds, the f i rst statement of lemma 5.2 
is then proved. T h a t means the problem (5.2), (5.3) has a solut ion Lp. To complete 
the proof of the lemma, i t remains to show (5.4), 
i.e. ^"{x) > 0 and - 1 < {x) < 0 Mx > 0. 
However, fol lowing the proof of the lemma 4.2, we st i l l obta in 
ip'{x) < 0 and ( / ⑷ > 0. 
and so, the f irst inequal i ty of (5.4) holds. 
Now consider (5.5). By tak ing the derivative w i t h respect to x, we have 
^ = Q • 
V m 乂 
Therefore, for 5 G [-1,1]， 
9 二 Q < 1. 
V m 乂 
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I t follows tha t 
-1 < < 0, 
and hence, the proof of lemma 5.2 is completed. • 
L E M M A 5 . 3 Suppose that the hypotheses (b)-(d) in chapter 4 and the inequal-
ity (5.1) hold. Then the solution of the problem (1.6), (1.2) is hounded as follows: 
(5.6) u < u{x,t) < 0 Vx > 0, t < T ; 
and 
(5.7) u{R,t) < u\ \/t<T. 
Proof I t is clear first that the inequali ty (5.6) is simply the consequence of the 
max imum principle for the equation (1.6). 
So, we tu rn to the proof of the inequality (5.7). First consider (1.6) and (5.2) 
subtract them to obtain 
( 5 . 8 ) - 外 + [fin) - m ] . = - T ^ ) ^ • 
Let 
y{t) ：= - i f { x ) ) = u{XM{t),t) - ^{Xm{t)), 
x > 0 
where (a:爪⑴，t) is the max imum point of y{t). 
The right hand side of (5.8) is 
f u工 if' \ — / Ul工 工I (p" 2 ( i p ' � � ' \ 
爪 I T ^ j i = ^ V T T ^ — (1 + — " ^ T T i ^ + + (^O^)V • 
However, note that , at the maximum point (xm( t ) , t ) , we have 
(5.9) u^； = and li^x < W〃. 
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So, at the m a x i m u m po in t { x m { t ) , t ) , 
( u 工 \ 
= 7 7 ^ 2 ( l + � 2 ) - 2⑷ 2以二 一 — , , (1 + ⑷ 2 ) + 2 m � V , ) -
(1 + ( / ) L \ / J 
二 ^ T：^ [〜“1-(务-⑷(1-(鄉 
1 - � 2 
="(1 + 謂 如 - —)• 
Recal l our pervious results and assumptions t ha t 
� 0 , m � 1 , < 1, Uxa； < (//,. 
Therefore, i t implies, at the m a x i m u m poin t { x m ( t ) , t ) , 
f u：, if' \ 
A n d hence, we obta in 
(5.10) {u - * + [f{u) - /⑷L < 0. 
Denote y(t)=也y(t), so (5.10) can be re-wr i t ten as 
y + [f'{u)u, - < 0. 
B y the mean-value theorem and the proper ty t ha t u^ = at the m a x i m u m point 
{Xm{ t ) , t ) , we have at the m a x i m u m point , 
(5.11) y + ^ \ x m { t ) ) f \ O y < 0, 
where f = is a mid-po in t between u {xm i t ) , t ) and (p{xm{t)). 
Solving the ord inary di f ferent ial inequal i ty (5.11), one can obtains 
y�S々⑶e-/cM、⑷)广(办))心. 
Note tha t y{0) < 0 implies y(t) < 0. So pu t t i ng x = i?, we obta in the inequal-
i t y (5.7). A n d hence, the proof of lemma 5.3 is then complete. • 
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W i t h lemma (5.2) and lemma (5.3) at hand, then the proof of theorem 5.1 can 
be completed easily by just fol lowing the arguments of the proof of theorem 4.1. 
A n d hence, we conclude that for the Burgers-type equation (1.6), the solut ion 
w i l l blow-up in some f ini te t ime when large in i t ia l data is imposed. Thus, the 
proof of theorem 5.1 is then completed. 
We f inish this section by stat ing (wi thout proof) a parallel result as in proposi-
t ion 4.4. 
PROPOSITION 5 . 4 Suppose that the hypotheses (I)-(IV) hold. Then for any 
u* < 0，there is a bounded skew symmetric function (f{x) satisfying the inequal-
ity (5.1) and that (p[R) = u* for some R > 0. 
The proof is completely identical to that for proposit ion 4.4. So details are 
omit ted. 
5.2 Small initial data 
After the discussion on the equation (1.6) w i th large in i t ia l data in the previous 
section, let's t u rn to the case w i t h small in i t ia l data in this section. For the 
solution of this problem, i t is found that i t is also similar to the problem we 
discuss in section 4.2 that the classical solution exists. Let's summarize this 
behavior in the following theorem: 
T h e o r e m 5 . 5 (Existence and Uniqueness) Consider the problem (1.6), 
(1.2), with the initial data, Uq G C^. If the initial data satisfies 
(5.12) “ , :;。(;),、、2 +5||/K(-))IIloc < ^ < KOIIloo < 1-
Then there exists a unique global classical solution u{x, t) G t). 
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The proof of this theorem is a modif icat ion of that for theorem 4.5, and we give 
belief description below. 
I n order to prove theorem 5.5, one may consider the "viscous equation" 
、〜载= " ( T 4 ! j ^ ) ， L , h。， 
and w i t h the use of lemma 5.6 which is stated below, one can conclude that the 
unique classical solut ion exists for the problem (1.6), w i t h a smooth in i t ia l data 
(1.2) satisfying (5.12). Now, let's state lemma 5.6 w i thout any proof below: 
L E M M A 5 . 6 {W^(L^) A Priori Estimate) Letu{x^t) be a classical solution 
of the problem (1.6), (1,2); if (5.12) is also holds for the initial data, then for all 
t > 0 we have \\ux{',t)\\j^oo < C, where C is a constant. 
For the details of the proof, readers may refer to the articles “On the Burgers-
type equations" wr i t ten by Kurganov A. Levy D. and Rosenau P. and "Effects 
of a saturat ing dissipation in Burgers-type equations" wr i t ten by Kurganov A. 
and Rosenau P.; see [9, 10 . 
We finish this chapter by summarizing the results obtained thus far: 
I n this chapter, we have shown that for the problem (1.6), the asymptotic behavior 
of the solution also depends on the smooth in i t ia l data; i f the in i t ia l data have 
small amplitude, the classical solution exists, however, i f the ampli tude of the 
in i t ia l data is large, the solution wi l l blow-up in some f inite t ime, T. 
Chapter 6 
Comparison and conclusions 
I n th is thesis, f i rst , we have shown in chapter 2 tha t for the Burgers- type equa-
t i on (1.1), wh ich has no viscous term, i t has no classical solut ion in general. Since 
i f we impose a smooth in i t i a l data (1.2), no mat te r how smooth i t is, say, i n 
i f the in i t i a l data Uq satisfies u'q < 0, the solut ion must b low-up in some f in i te 
t ime, T. 
However, for deal ing w i t h the equat ion (1.3), wh ich consists a viscous t e r m eUxx 
in the r ight hand side of the equation, w i t h also £ > 0. The behavior of solut ion 
is to ta l l y dif ferent. I t is found tha t the classical solut ion exists. Furthermore, for 
a special Burger 's equat ion w i t h standard viscosity, Ut + uu^ = su^x, i f the in i t ia l 
data (1.2) is smooth enough, the classical solut ion can be found out expl ic i t ly 
by f i rst using the Hopf-Cole t ransformat ion to t ransform the equat ion into a 
heat equation. A n d hence, i t can be used to construct the weak solut ion to the 
problem (1.1). 
Moreover, i n th is thesis, we are not only dealing w i t h th is special case, we also 
dealing w i t h two different Burgers-type equations, see chapter 4 and 5，which is 
called a convection-diffusion model, and is proposed in [6, 10, 9]. However, for 
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these two types of equation, the s i tuat ion is not as simple as the special case (1.3). 
I n chapter 4, we deal w i t h the equation (1.5): 
ut + f 0 )工 = 0丄， "〉 0 , 
where the dissipative f lux is a monotonic increasing and bounded funct ion. I t is 
shown tha t the solut ion for th is problem w i l l b low-up i n some f in i te t ime when 
the imposed in i t ia l data is large enough; however when the smooth in i t ia l has 
smal l ampl i tude, classical solut ion exists. A n d this result can be summarized 
by theorem 4.1, 4.5 and proposi t ion 4.4. Final ly, i n chapter 5, we deal w i t h the 
equation (1.6): 
+ / Nx = ^Q , Q{ux) = 1 丄 ’ " � o , 
i 十 〜 
w i t h the dissipative f lux not monotone. I t is shown tha t the classical solut ion 
exists i f the in i t ia l data is small, and blow-up happens i f the in i t ia l data is large. 
We summarize th is behavior by theorem 5.1, 5.5 and proposi t ion 5.4. 
From these results, we can observe that for the two-types of Burgers-type equa-
tions we discuss in this thesis, the asymptot ic behavior is not the same as either 
the Burgers-type equation w i thou t viscosity or w i t h a standard monotonic and 
bounded viscosity. However, i t is found that , i f the in i t ia l data is small, bo th 
cases w i l l pose a unique classical solution. Thus, i f the in i t ia l data is small, the 
problem behaves similar to the problem w i t h a standard viscosity. On the other 
hand, i f the in i t ia l data is large, the solut ion w i l l blow-up in some f in i te t ime. So 
i t w i l l be quite similar to the problem wi thou t viscosity. 
This behavior can be explained by observing that when the problem wi thout 
viscosity, the solut ion w i l l blow-up, no matter how smooth the in i t ia l data is. 
However w i t h the standard viscous te rm added to i t , this viscous te rm w i l l smooth 
the solution and so classical solution exists. However for the dissipative f lux Q{ux) 
that is either bounded and Q'{ux) > 0 or Q{ux) = the s i tuat ion is more 
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compl icated and interesting. I t is qui te surprising tha t the fo rm of the viscosity 
plays such an impor tan t role i n the behavior of solutions. Indeed, i n bo th cases, 
the dissipative f lux s t i l l acts as a role to smooth the solut ion for smooth in i t ia l 
data, bu t i f the ampl i tude of the in i t i a l data is too large, the dissipative fluxes 
cannot present the format ion in the solutions, so i t can be compared to the 
Burgers equat ion w i thou t viscosity. 
Besides, a l though the non-classical theories we study in chapter 4 and 5 d id not 
provide w i t h us a complete theory as the classical does in chapter 3. However, 
they are s t i l l very useful. F i rs t , as we know, the equation (1.3) can be regarded as 
a "viscous equation" of the equation (1.1), and define a weak solut ion. However, 
i t found tha t i t may not be the best "viscous equation" for other propose, see 
[10, 15]. Indeed, i f one takes the equation (1.5) as our "viscous" approximat ion 
to (1.1), i t is shown that i t provide a way to compute the solut ion to (1.1) w i t h a 
better rate of convergence. Second, these models also come f rom many physical 
s i tuat ion, such as saturations theory. 
However, there remain many open problems for such equation. Like behavior of 
solut ion for smooth periodic in i t ia l data. Is there a paral lel theory as the non-
periodic case? Al though, mathemat ic ian already provided many numerical proof 
to show tha t the behavior is similar. However, i t is s t i l l a good task for people to 
deal w i t h this problem in a theoretical point of view. 
Appendix A 
Hopf-Cole transformation 
The Hopf-Cole t ransformat ion is a useful too l to convert a special fo rm of nonl in-
ear equations in to linear equations. I t is especially useful to deal w i t h a parabolic 
P D E w i t h quadrat ic nonlinearity. Let 's see how is this t ransformat ion powerful 
to convert nonlinear equations into linear equations, see [4 . 
Let 's consider the ini t ial-value problem for a quasi-linear parabolic equation, 
f 
Ut - aAu + b\Du\'^ = 0 in r x (0, oo) 
( A . l ) 
u{x,t = 0) = g{x) on R 、 
\ 
where a > 0. 
First , let's assume l i is a smooth solut ion of ( A . l ) , and set 
(A.2) w := (j){u), 
where <p : R"'——> W^ is a smooth function; however, 4> is not specified t i l l this 
moment. Then we t r y to choose a suitable 小 in order to f ind a t ransformat ion 
that w solves a linear equation. 
42 
APPENDIX A. HOPF-COLE TRANSFORMATION 43 
Note that 
wt = (l)'{u)ut 
< 
Aw = (l)'{u)Au^(l)"{u)\Du\'^, 
\ 
and so w i t h the equation ( A . l ) , we have 
Wt = (j)' (u)ut 
= ( j ) ' ( u ) [aAw - h\Du\^' 
=a/\w — [a(j)"{u) + h(j)'{u)\ 
in order to force Wt = aAw, choose (j) satisfy acj/' + be/)' = 0. A n d solve this ODE, 
and obtain 
—bu 
(p 二 e 一“~. 
For such setting, we can observe that i f u solves ( A . l ) , then 
(A.3) w = 
A n d hence, we can transform our problem ( A . l ) into the fol lowing in i t ia l value 
problem in w, 
Wt - aAw = 0 in r x (0, oo) 
(A.4) b 
w{x,t = 0) = e - 宇 on R" . 
、 
Note that (A.3) is in fact our Hopf-Cole transformation. 
By solving the problem (A.4), we have 
1 广 2 
w(xA) = / e — ^ ^ e — " ^ * )办 where x eW,t>0, 
which is a unique bounded solution of (A.4). 
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A n d hence w i t h (A.3), we obta in 
u{x,t) = \ogw{x,t) 
/ p 2 \ 
= - - l o g ( - ~ / e — 知 ⑷ 办 where x G R^, ^ > 0, 
which is the expl ic i t solut ion of the quasi-linear in i t i a l value prob lem ( A . l ) . 
For th is t ransformat ion, there is a very famous appl icat ion for t rea t ing the Burger's 
equation in one dimension w i t h a standard viscosity as follows: 
(A.5) Ut - eUxx + uux = 0 in R x (0, oo). 
A l though, (A.5) is not in the fo rm of ( A . l ) , one can set u = u^ ；^ in ( A . l ) and 
integrate, then result ing to get 
Wt - + 0 in R X (0, oo). 
Now, i t is in the form of ( A . l ) , and we can apply the Hopf-Cole t ransformat ion 
to obta in a classical solut ion explicit ly. A n d hence i t yields a classical blow-up 
theory for the equation (A.5). 
Appendix B 
Dirichlet problem 
I n chapter 4, we have shown tha t for the problem (1.5), (1.2) w i t h a smooth 
in i t ia l data which is large, the solut ion w i l l b low-up in some f in i te t ime, T . A n d 
we also ment ion tha t i t can also be shown by the numerical approach. However, 
for dealing a numerical problem, we cannot t reat i t w i thou t boundary, so i t is 
impor tan t to introduce our blow-up result for a corresponding Dir ichlet problem. 
I n th is appendix, we deal w i t h a problem almost the same as tha t we study 
in chapter 4. However, in this case, we study the problem w i t h the boundary 
condit ion, so we are going to deal w i t h a Dir ichlet problem instead of a Cauchy 
problem. Let 's consider the equation in a f in i te interval, 
( B . l ) ut + f { u ) ^ = u Q M ^ in - L < x < L , 
where v > 0; and w i t h the boundary and in i t ia l condit ions as: 
(B.2) u{x,t = 0) = UQ{X) in - L < x < L; 
(B.3) u (士 L , t ) = zio(士i^ ) Vt > 0. 
For this problem, we study its asymptotic behavior, and f ind tha t the blow-up 
behavior s t i l l holds. Indeed, we w i l l extend the theorem 4.1 to a new theorem for 
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(B.l)，(B.2) and (B.3). 
Before we state the theorem, let's introduce the assumptions for this problem 
first. We assume that our problem w i t h bo th the convective and dissipative 
fluxes satisfies the hypotheses ( i ) - ( i v ) ; and the in i t ia l data satisfies hypotheses 
(a) and (b). Furthermore, we impose the fol lowing two assumptions on the in i t ia l 
data instead of (c) and (d) in section 4.1. 
(c') uo(L) < uo(x) < 0 \ / x e [ 0 , L ] ; 
(d') Uo{x) < (p{x) Vx G [0, L . 
However, w i t h these assumptions and due to its skew symmetr ic property, (B . l ) , 
(B.2), (B.3) is equivalent to the fol lowing in i t ia l boundary value problem: 
( 
Ut + f 0 ) 工 = , 0 < X < L 
u(x,t = 0) = Uo(x), 0 < X < L 
(B.4) < 
u(0,t) = 0, Vt>0 
u(L,t) = uo(L), Vt > 0. 
V 
Then we have the fol lowing generalization of the theorem 4.1. 
T H E O R E M B . l Consider the initial boundary value problem (B.4) with all the 
hypotheses (i)-(iv), (a), (b) and (c，)，(d,) he satisfied. If it is further given that 
there exists a constant u* < 0 such that f{u*) > 2Qoo, and if (p{x) is a smooth 
function satisfying (p{L) = u*，and 
(B.5) 糊 r / ( 礼 < 0 V x G ( 0 , L ) . 
Then, there exists a finite T > 0 such that 
sup 亡)| ——^ oo as t T. 
-L<x<L 
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Simi lar t o the proof of theorem 4.1, we have to in t roduce some lemmas f i rst . 
Now, let 's state and prove some of the lemmas. 
L E M M A B . 2 Suppose that the fluxes f{u) and Q{s) satisfy the hypotheses ( i ) -
(iv). Then for any u* < 0； there exists a constant m > 1，such that the boundary 
value problem 
跳 = r n Q 
(B.6) = 0 
(p(L) = u*. 
< 
has a solution. 
Moreover, ^"{x) > 0, for all x 
Proof Solving (B.6) gives 
h ”、 广(… du 
( ) X = 
where c and m are constants. I n order to satisfy the boundary condi t ion, we need 
to choose c and m t ha t satisfy 
广 dn 工 
Jo . 
^ \ rn J 
Therefore, we need to show the existence of c and m. 
Note tha t , by choosing an appropr iate c and suff ic ient ly large m, and due to the 
monoton ic i ty of Q, (p(x), defined by (B.7), w i l l be bounded for al l 0 < x < +oo. 
A n d hence, i t is easy to observe tha t for u : = lima;_+oo ——> 0, so we 
have c = —f {u ) . 
Set 
〜 、 r* du 
。(一）：=L Q-i ( M l ) . 
^ \ ^ J 
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Note tha t i f we can show 
(B.8) G{u,m) = L, 
the proof is complete; however, observe tha t G{u, m) is a continuous funct ion in 
bo th arguments, and tha t 
(B.9) G{u,m) > 0 Vu,m and G(U,m ^ ^ + 0 0 ) > + 0 0 . 
So choosing m = then we have 
f { u ) \ 广 du 
G u,m = —~ = / 7 7 - T w 
^ QJ 人 ⑷ （ 1 - 體 ) ） 
^ * f 1 1 
< u max < 7 7 ^ > 
- 咖 命 � ( 1 - 错 ) ) J 
— ^ 
Q-i (Qoo (1 — ^f^) ) 
A n d hence, i t is clearly tha t one can choose a suff iciently "large" U, say u = Umin, 
then by the property of / , Q - 1 ( q ^ ( 1 - w i l l be greater t han and 
consequently 
/ f ( u ) \ L 
(B.IO) G In 二 = y ) < TT-
V Voo / ^ 
A n d hence, by the cont inui ty of G, (B.9) and (B.IO) imp ly tha t there exist u and 
m such tha t (B.8) is satisfied. A n d so, the f irst statement of the lemma holds. 
Tha t means that there exists cp satisfying (B.6). 
Moreover, such (p also satisfies (4.4), (4.5). Hence by the lemma 4.2, we have 
ip" > 0, and the proof is then completed. • 
W i t h lemma B.2, we can complete the proof of theorem B . l ; the necessary steps 
are exactly identical to the proof of theorem 4.1, w i t h the replacement of L instead 
of R; and so one can follow the arguments as before to show that the breakdown of 
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the solut ion must holds. A n d hence the proof completed. Therefore, wc concludc 
that the solut ion of the Dir ichlct problem w i t h a large in i t ia l boundary condi t ion 
must blow-up in some f in i te t ime, T. 
Remark In this appendix, we already extend the theorem 4.1 to the corre-
sponding Dir ich lc t problem. On the other hand, it is found that such an extension 
also applies to the theorem 5.1, so that we have simi lar blow-up theorem for the 
problem in Dir ichlct problein as i i i the Cauchy pioblei i i . F i i r thcni ioro, the proof 
is similar to the proof of theorem 5.1, so i t w i l l be omit ted here. For more details, 
the reader is icf(、n、d to [6 . 
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